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Abstract. This work introduces a Machine Learning (ML)-based surrogate framework to predict the 

accuracy of higher-order beam theories. The Carrera Unified Formulation (CUF) [1, 2] provides a 

formal structure for systematically deriving higher-order structural theories with arbitrary Degrees of 

Freedom (DOF), which, in this work, are based on Taylor-like polynomial expansions. The goal is to 

find the smallest set of generalized displacement variables needed to meet a specific accuracy. CUF is 

used to generate structural theories by combining polynomial terms up to the fourth order. Previous 

works [3] used such combinations as the training dataset for neural networks (NN), and then a surrogate 

model was used to identify the combinations with the best accuracy. Training samples were selected 

randomly, using approximately 10% of the full structural analysis dataset. 

This work introduces an Active Learning (AL) strategy to replace random sampling. The selection uses 

an Extra Trees Regressor, which offers both predictions and uncertainty estimates of structural 

theories. A combined acquisition function merges predicted error, uncertainty, and structural diversity 

to iteratively pick the most informative samples. NN is trained on the selected subset to predict the 

average error of the first ten natural frequencies relative to the reference full fourth-order theory 

(%EAVG). The results shown here refer to a clamped-free beam with a length of 10 m and a rectangular 

hollow cross-section (30 cm × 10 cm, thickness 1 cm), made of an isotropic material with Young’s 

modulus E = 69 GPa, Poisson’s ratio ν = 0.33, and density ρ = 2700 kg/m³. 

The error %EAVG is reported in the Best Theory Diagrams (BTD), which display the lowest possible 

error for each theory given a specific number of DOF. The BTD predicted by the NN with AL is 

comparable to that predicted with random sampling and, in some cases, is even improved, showing 

closer agreement with the FEM reference, as demonstrated in Fig. 1. Additionally, Table 1 presents 

the best theories and their error %EAVG from FEM, with solid black triangles indicating active 

elements. Each column in these tables corresponds to a generalized variable. For example, the best 

four DOF theory predicted by FEM is the Timoshenko model augmented by a second-order term (xz). 

Tables 2 and 3 show the results predicted by the NN with AL and random sampling, respectively. Solid 

and empty red or blue triangles highlight differences relative to the FEM reference: a solid triangle 

indicates that the NN predicted an active term that is inactive in FEM, while an empty triangle indicates 

the opposite. The network trained with AL sampling correctly inferred all the best structural theories, 

with only four terms incorrectly identified, whereas the network with random sampling failed to predict 

eight terms. From a computational perspective, the Active Learning method decreases the number of 

high-fidelity CUF analyses needed compared to an FEM-based approach. Additionally, it offers more 

accurate predictions at the same sampling budget, with only a slight increase in selection time 

compared to random sampling. 
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Figure 1 - Best Theory Diagrams from FEM and neural networks with active learning and random sampling 

Table 1 - Best theories from FEM 

 
 

Table 2 - Best theories from Neural Network with Active Learning sampling 

 
 

Table 3 - Best theories from Neural Network with random sampling 
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