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Abstract.  The free vibration behaviour of beams and frames with cutouts is investigated in this paper by  
developing the dynamic stiffness method. The theory focuses on Bernoulli-Euler beams with rectangular  
cross-section and with rectangular cutouts. Essentially, the beam is split into three parts with the first and 
third parts representing the intact beam, whereas the second part, which lies between the first and third parts 
but not necessarily at the centre, represents the cutout part. The dynamic stiffness matrices of the three 
individual  parts  of  the  beam  are  assembled  algebraically  through  rigorous  application  of  symbolic 
computation. By arresting the Gauss elimination at the last but two end nodes, explicit expressions for the 
dynamic stiffness elements are  derived,  again with the  help of  symbolic  computation.  The Wittrick-
Williams algorithm is then applied as a solution technique to compute the natural frequencies and mode 
shapes of some illustrative examples of beams and frameworks with cutouts. 
  The free vibration behaviour of beams with cutouts has been reported by only a few investigators [1-4] who 
have used semi-analytical, or numerical or experimental methods, or combinations of these methods. No 
attempt has been made by previous investigators to address the problem using an exact solution of the 
governing differential equation such as that which is utilised in the dynamic stiffness method. This paper is 
intended to fill this gap. Representative results for the portal frame shown in Fig. 1 are given in this abstract 
by applying the proposed theory. The two vertical members of the portal frame (columns) are uniform, but 
the horizontal member (beam) has a rectangular cutout at its centre.  The columns and beam each have  
length 1m, width 0.1m and thickness 0.01m. The beam has a cutout at its centre with length 0.2m and width 
0.04m. The material properties are taken to be those of steel with Young’s modulus 210 GPa and density 
7850 kg/m3. 
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Fig. 1. A portal frame with a rectangular cutout on its horizonal member (beam)
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  The first five natural frequencies of the portal frame relating to free vibration in the XY and XZ planes (see 
Fig. 1) are shown in Table 1 alongside the corresponding results when there was no cutout in the horizonal 
member. The cutout did not make any appreciable difference to the natural frequencies for in-plane free  
vibration of the frame (i.e., in the XY-plane). However, for out of plane free vibration (i.e., in the YZ-plane) 
some small differences in the natural frequencies are evident. This is expected because the reduction in the 
out-of-plane bending stiffness of the central member follows a cubic variation with thickness as opposed to 
the linear variation in the case of the in-plane bending stiffness. Reductions in the mass and bending 
stiffness as a result of the cutout have opposite effects, in that the former increases the natural frequencies 
whereas the latter reduces them. The two effects are compensatory, showing very little changes to the 
natural frequencies as shown in Table 1.

Table 1. Natural frequencies of a portal frame with and without a cutout in its central member

Frequency
number

Natural frequencies (rad/s)
Free vibration in XY plane Free vibration in XZ plane

With cutout Without cutout With cutout Without cutout
1 49.0238 47.8459 489.404 477.371
2 189.363 188.812 1945.54 1853.04
3 309.764 308.002 3094.37 3072.81
4 338.204 333.932 3302.57 3210.75
5 672.589 674.442 5798.85 5774.21

The full length paper will also report natural frequencies of beams with cutouts for different boundary  
conditions, with validation by the finite element method using plate and solid elements. The investigation is 
expected to pave the way for further research on the effects of cutouts on the free vibration of complex  
structures with complex cutout geometry and made of anisotropic materials.
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