Free vibration analysis of piezoelectric laminated beams using
dynamic stiffness method and Carrera unified formulation
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Abstract. This paper presents a free vibration and mode shape analysis of piezoelectric laminated
beams, with particular attention to electromechanical coupling response, using a novel formulation that
integrates the dynamic stiffness method (DSM) with the Carrera Unified Formulation (CUF). Within
the CUF framework, the three-dimensional displacement field is expressed as a hierarchical expansion
of generalized unknowns defined over the beam cross-section. A Lagrange expansion (LE) is adopted
to enable refined cross-sectional modeling, allowing for layer-wise and Component-wise discretization
that accurately captures non-uniform geometries induced by surface-bonded piezoelectric wafers. The
governing differential equations and natural boundary conditions are derived from the principle of
virtual displacements in conjunction with linear piezoelectric constitutive relations. An exact dynamic
stiffness matrix is formulated by establishing the relationship between harmonic load amplitudes and
the corresponding responses. The resulting transcendental eigenvalue problem is solved efficiently
using the Wittrick-Williams (WW) algorithm. Numerical results demonstrate that the proposed
CUF(LE)-DSM approach achieves accuracy comparable to detailed three-dimensional finite element
models for predicting electromechanical coupling response, while utilizing fewer degrees of freedom,
thereby offering a significant reduction in computational cost.
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Figure 1: Stiffness matrix assembly procedure for bimorph piezoelectric beams.
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