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Abstract.  

 

This work develops advanced 2D finite elements for the analysis of composite laminated shell 

structures under mechanical loading. They are lighter than isotropic materials, and their mechanical 

behavior can be tailored through lamination. However, their inherent anisotropy introduces complex 

phenomena such as layerwise shear continuity and the characteristic zig-zag displacement pattern 

(often referred to as 𝐶𝑧
0 requirements [1]) as well as strong coupling between in-plane and out-of-plane 

strains. 

To model these complex responses accurately, highly refined structural models are needed. One 

effective strategy is to employ the Reissner Mixed Variational Theorem (RMVT) [2], a variational 

principle that treats out-of-plane stress components as independent unknowns in addition to 

displacements. While RMVT generally delivers more accurate stress results than the Principle of 

Virtual Displacements (PVD), it involves six unknowns, leading to a higher computational cost. 

This work adopts an enhanced Carrera Unified Formulation (CUF) to develop a flexible structural 

modeling framework that allows selecting the most suitable shell theory for each problem. This work 

develops a consistent formulation that enables users to choose theories with a desired level of accuracy. 

To balance accuracy and computational efficiency, the formulation integrates both Equivalent Single 

Layer (ESL) and Layer-Wise (LW) approaches, supporting Lagrange- and Taylor-based thickness 

expansions within a unified mathematical setting. In the previous work presented by Carrera and Scano 

[3], this method was used in the context of PVD, and interesting results were proposed for the 

calculation of stresses. The aim of the present paper is to show the potentialities of introducing out-of-

plane stresses as unknowns. 

This approach integrates the Unified Formulation with the FE method. For the physical system, these 

concepts are expressed mathematically as follows: 

𝑢𝛼
𝑘(𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽)𝐹𝑢𝛼𝜏

𝑘 (𝑧)𝑞𝛼𝜏𝑖
𝑘 ,   𝜏 = 1,… ,𝑀𝑢𝛼

; 𝑖 = 1,… , 𝑁𝑛

𝑢𝛽
𝑘(𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽)𝐹𝑢𝛽𝜏

𝑘 (𝑧)𝑞𝛽𝜏𝑖
𝑘 ,   𝜏 = 1,… ,𝑀𝑢𝛽

; 𝑖 = 1, … ,𝑁𝑛

𝑢𝑧
𝑘(𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽)𝐹𝑢𝑧𝜏

𝑘 (𝑧)𝑞𝑧𝜏𝑖
𝑘 ,   𝜏 = 1,… ,𝑀𝑢𝑧

; 𝑖 = 1, … , 𝑁𝑛

𝜎𝛼𝑧
𝑘 (𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽)𝐹𝜎𝛼𝑧𝜏

𝑘 (𝑧)𝑞𝛼𝑧𝜏𝑖
𝑘 ,   𝜏 = 1,… ,𝑀𝜎𝛼𝑧

; 𝑖 = 1, … , 𝑁𝑛

𝜎𝛽𝑧
𝑘 (𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽)𝐹𝜎𝛽𝑧𝜏

𝑘 (𝑧)𝑞𝛽𝑧𝜏𝑖
𝑘 ,   𝜏 = 1,… ,𝑀𝜎𝛽𝑧

; 𝑖 = 1,… , 𝑁𝑛

𝜎𝑧𝑧
𝑘 (𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽)𝐹𝜎𝑧𝑧𝜏

𝑘 (𝑧)𝑞𝑧𝑧𝜏𝑖
𝑘 ,   𝜏 = 1,… ,𝑀𝜎𝑧𝑧

; 𝑖 = 1, … ,𝑁𝑛

 

where 𝐹𝑢𝛼𝜏
𝑘 , 𝐹𝑢𝛽𝜏

𝑘 , 𝐹𝑢𝑧𝜏
𝑘 , 𝐹𝜎𝛼𝑧𝜏

𝑘 , 𝐹𝜎𝛽𝑧𝜏
𝑘 , and 𝐹𝜎𝑧𝑧𝜏

𝑘 , denote the expansion functions associated with the 

generalized displacements 𝑞𝛼
𝑘
𝜏𝑖

, 𝑞𝛽
𝑘

𝜏𝑖
, 𝑞𝑧

𝑘
𝜏𝑖

, 𝑞𝑧𝑧
𝑘
𝜏𝑖

, 𝑞𝛼𝑧
𝑘

𝜏𝑖
,  and 𝑞𝛽𝑧

𝑘

𝜏𝑖
, respectively. The index 𝜏 indicates 
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summation, while 𝑀𝑢𝛼
, 𝑀𝑢𝛽

, 𝑀𝑢𝑧
, 𝑀𝜎𝛼𝑧

, 𝑀𝜎𝛽𝑧
, and 𝑀𝜎𝑧𝑧

 represent the number of expansion terms 

for each displacement component. Moreover, 𝑁𝑖 denotes the shape functions, with the repeated 

subscript 𝑖 implying summation, and 𝑁𝑛 the number of shape functions per element. 
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