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Abstract  

The free vibration behaviour of beams and frames with cutouts is investigated by developing 
the dynamic stiffness method. The theory, which is based on the Bernoulli-Euler theory, focuses 
on beams with rectangular cross-section and with rectangular cutouts. Essentially, the beam is 
split into three parts with the first and third parts representing the intact beam whereas the 
second part which lies in between the first and third parts but not necessarily at the centre, 
represents the cutout part. The free vibratory motion of the whole beam is considered to take 
place in one plane so that three degrees of freedom, namely the axial displacement, flexural 
displacement and bending rotation at any point on the beam are allowed during the free 
vibratory motion, but the theory developed can be extended to three dimensions. The dynamic 
stiffness matrices of the three individual parts of the beam are assembled algebraically through 
the application of symbolic computation. The four nodes of the three-part beam are numbered 
in such a way that nodes 1 and 2 are considered as the intermediate nodes representing the ends 
of the cutout part whereas nodes 3 and 4 represent the left and right end nodes of the beam. 
Next, the usual Gauss elimination is performed algebraically on the first six rows of the 
assembled 12×12 dynamic stiffness matrix. The 6×6 matrix that will be left at the bottom of 
the resulting partially triangulated matrix corresponds to nodes 3 and 4 and so is essentially the 
dynamic stiffness of the beam with cutout. Both in-plane and out of plane free vibration 
behaviour of the beam are considered. The Wittrick-Williams algorithm is now applied as a 
solution technique to analyse the free vibration characteristics. Representative results showing 
the effects of cutouts on the natural frequencies and mode shapes of beams and frames with 
cutouts are demonstrated with important conclusions drawn. 

1. Introduction 

Cutouts in aircraft, civil, mechanical, marine and other structures are common occurrences, 
demanded by practical considerations to provide access to other parts of the structures 
comprising electric cables, hydraulics and other systems. They are also necessary for inspection 
and structural safety assessment purposes. Other necessities for cutouts arise from reasons 
related to weight reduction, ventilation, alteration of resonant frequencies, i.e., frequency 
attenuation, damage detection, anti-noise applications, amongst others. Analysis of structures 
with cutouts is of considerable complexity and researchers often use finite element methods to 
overcome the difficulty and obtain approximate results.  
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There is a scarcity of analytical methods based on closed from solution for structures with 
cutouts, particularly when dealing with elastodynamic problems. The difficulty principally 
arises from the geometric discontinuities that are prevalent in structures with cutouts, which 
pose considerable challenges. For response analysis of structures with cutouts, the free 
vibration behaviour is a fundamental prerequisite when the normal mode method is used. In 
this pretext, the analysis of beams [1-4], plates [5-9] and shells [10-13] has been reported by 
relatively very few investigators. A literature review suggests that a closed form analytical 
solution for the free vibration problems of structures with cutouts is extremely difficult, and 
may well be impossible to achieve, particularly for complex problems. Therefore, the subject 
matter for the research in this area is important, bearing in mind that the effects of cutouts on 
the free vibration behaviour of structures may not follow any predictable trend. The reason for 
this can be attributed to the fact that the reductions of mass and stiffness due to cutouts usually 
act in an opposite manner in that a reduction in mass generally increases the natural frequencies 
whereas a reduction in stiffness reduces the natural frequencies. Thus, the two effects can be 
compensatory, or one effect may dominate over the other, or possibly the two effects may 
cancel each other, making it difficult to predict the structure’s free vibration behaviour.  The 
subject matter is therefore very important, warranting an in-depth investigation. The literature 
concerning the free vibration behaviour of beams [1-4], plates [5-10] and shells [11-13] with 
cutouts shows very limited coverage on the subject, and most of the investigators have relied 
on numerical, semi-analytical or experimental methods to solve the problem. In this paper, 
attention is focused on the investigation of free vibration problems of beams with rectangular 
cross-sections and with rectangular cutouts by using an exact dynamic stiffness method. The 
corresponding investigation of structures with cutouts in relation to plates and shells is outside 
the scope of this paper, but interested readers are referred to [5-13] for further information on 
the subject. 

Next, relevant literature on the free vibration of beams with cutouts or holes which constitutes 
the subject matter of this paper is reviewed. Almitani et al. [1] embarked on a semi-analytical 
method for free vibration analysis of beams with square cutouts by using equivalent geometric 
and material properties and then applying the Bernoulli-Euler theory to investigate the free 
vibration characteristics. They carried out a parametric study by increasing the number of 
cutouts and examined the subsequent effects on the modal characteristics of the beam. They 
also considered the effects of a uniformly distributed load acting on the beam. On the other 
hand, Demir [2] investigated the free vibration and damping characteristics of cantilever 
composite beams with circular holes using both experimental and numerical methods. His 
composite beam samples included unidirectional and woven layups, and he examined the 
effects of the size of the holes and their locations on the free vibration characteristics of the 
beam. His work was predominantly experimental, but he validated his experimental results by 
finite element (numerical) results. Contrastingly, Mousavi et al. [3] developed an improved 
element-free Galerkin method coupled with finite element method to investigate the buckling 
behaviour of cold-framed steel channel-section columns with web holes. They used Lagrange 
multipliers when enforcing the boundary conditions of the channel-section column. To validate 
the results, they used the finite element software ABAQUS [14]. Alternatively, Kafkas [4] 
performed the free vibration analysis of a perforated Rayleigh beam with deformable and rigid 
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boundary conditions. The perforation considered comprised equal square holes along the length 
of the beam. He investigated the effects of the number of holes, filling and boundary 
deformability on the free vibration characteristics of the Rayleigh beam. All these efforts made 
in the past apparently did not produce a rigorous analytical method based on a robust 
underlying theory. Against this backdrop, this paper develops an exact dynamic stiffness 
method for free vibration analysis of beams and frames with square cutouts by using the 
Bernoulli-Euler theory. The theory developed was greatly facilitated by the application of 
symbolic computation.  

2. Theory 

In a rectangular Cartesian coordinate system, Fig. 1(a) shows a beam with rectangular cross-
section with a rectangular cutout in an isometric view. The beam has a total length L, a constant 
thickness (or height) h throughout and its intact (non-cutout) width is b. The cutout portion 
with a rectangular shape commences at a distance L1 from the left-hand end and has length L0 
and width b0 as shown. The beam configurations in the XY and XZ planes are shown in Fig. 
1(b) and Fig, 1(c), respectively. Essentially the beam has three components in that the left-hand 
part is an intact member, the middle part (not necessarily located at the centre) is the cutout 
member and the right-hand part is an intact member. The dynamic stiffness matrix of the whole 
unit comprising the three components is developed by using the Bernoulli-Euler beam theory 
for all three components and then assembling them algebraically with the help of symbolic 
computation. The degrees of freedoms for the intermediate nodes are eliminated by symbolic 
algebra and the force-displacement relationship for the end nodes of the freely vibration beam 
is formulated in the form of the dynamic stiffness matrix. Next, the free vibration analysis is 
carried out by implementing the Wittrick-Williams algorithm as the solution technique for 
motion both in the XY plane (i.e., out of plane) and in the XZ plane (i.e., in-plane), respectively. 
Although the dynamic stiffness theory hereafter is developed by considering the free vibratory 
motion in the XY plane, the developed theory can be equally applied to the free vibratory motion 
in the XZ by suitably adjusting the data that are applicable for the free vibratory motion in the 
XZ plane.  

The dynamic stiffness matrix of the beam shown in Fig. 1 for free vibration analysis in the XY 
plane is now developed by splitting the beam into three elements comprising four nodes, see 
Fig. 1(b). The basic premises of the underlying theory are as follows. Each of the three elements 
is idealised as a Bernoulli-Euler beam and the nodes for the assembly are numbered in such a 
way that the end nodes are given the highest numbers as shown in Fig. 1(b). Thus, the element 
connecting nodes 1 and 2 represents the cutout portion of the beam whereas the elements 
connecting nodes 1 and 3 and nodes 2 and 4 represent the left and right intact elements, 
respectively. The dynamic stiffness matrix of an individual Bernoulli-Euler beam element, 
which in the usual notation is characterised by its axial rigidity EA, bending rigidity EI, mass 
per unit length ρA and length L (A being the cross-sectional area, I the second moment of area 
of the beam cross-section, E the Young’s modulus, and ρ the density of the beam material) is 
readily available in the literature [15, 16]. For a Bernoulli-Euler beam vibrating with a circular 
or angular frequency ω, the amplitudes of the axial force fx, transverse force fy and bending 
moment m and the corresponding amplitudes of the axial displacement δx, flexural 
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displacement δy and bending rotation θ at nodes i and j are related by the frequency dependent 
dynamic stiffness matrix k(i, j) as follows [15, 16]. 

 

 

 

 

 

 

 

 

 

(a) Isometric view 

 

 

 

 

 

(b) View on the XY plane 

 

 

 

 

 

 

 

 

(c) View on the XZ plane 
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Fig. 1. A beam with a rectangular cross-section and with a rectangular cutout 
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𝑘𝑘66 ⎦

⎥
⎥
⎥
⎥
⎤
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⎢
⎢
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⎡
𝛿𝛿𝑥𝑥𝑖𝑖
𝛿𝛿𝑦𝑦𝑖𝑖
𝜃𝜃𝑖𝑖
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𝜃𝜃𝑗𝑗 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

     (1) 

or  

     �
𝛅𝛅𝐢𝐢
𝛅𝛅𝑗𝑗
� = �𝐤𝐤11 𝐤𝐤12

𝐤𝐤21 𝐤𝐤22
� �
𝐟𝐟𝑖𝑖
𝐟𝐟𝑗𝑗
�      (2) 

where the subscripts i and j correspond to nodes i and j respectively and k11, k12, k21 and k22 
are each 3×3 sub-matrices extracted from the 6×6 matrix of Eq. (1). 

  The elements of k11, k12, k21 and k22 are given below [15, 16]. 

    𝐤𝐤11 = �
𝑎𝑎� 0 0
0 𝑏𝑏� 𝑑̅𝑑
0 𝑑̅𝑑 𝑐𝑐̅

� ;   𝐤𝐤12 = �
𝑒̅𝑒 0 0
0 𝑓𝑓̅ ℎ�
0 −ℎ� 𝑔̅𝑔

�     (3) 

k22 is obtained from k11 by replacing 𝑑̅𝑑 by −𝑑̅𝑑 in Eq. (3) and k21 is the transpose of k12, i.e., 
𝐤𝐤21 = 𝐤𝐤12T , the suffix T denoting the transpose. 

  The terms 𝑎𝑎� to ℎ� in Eq. (3) are given by [16] 

𝑎𝑎� = (𝐸𝐸𝐸𝐸 𝐿𝐿⁄ )𝜇𝜇 cot 𝜇𝜇 ;   𝑒̅𝑒 = −(𝐸𝐸𝐸𝐸 𝐿𝐿⁄ )𝜇𝜇 csc 𝜇𝜇 

𝑏𝑏� = 𝑊𝑊3𝜆𝜆3(𝑆𝑆𝜆𝜆𝐶𝐶ℎ𝜆𝜆 + 𝐶𝐶𝜆𝜆𝑆𝑆ℎ𝜆𝜆)/Δ;  𝑐𝑐̅ = 𝑊𝑊1𝜆𝜆(𝑆𝑆𝜆𝜆𝐶𝐶ℎ𝜆𝜆 − 𝐶𝐶𝜆𝜆𝑆𝑆ℎ𝜆𝜆)/Δ; 𝑑̅𝑑 = 𝑊𝑊2𝜆𝜆2𝑆𝑆𝜆𝜆𝑆𝑆ℎ𝜆𝜆 Δ⁄     (4) 

𝑓𝑓̅ = −𝑊𝑊3𝜆𝜆3(𝑆𝑆𝜆𝜆 + 𝑆𝑆ℎ𝜆𝜆);  𝑔̅𝑔 = 𝑊𝑊1𝜆𝜆(𝑆𝑆ℎ𝜆𝜆 − 𝑆𝑆𝜆𝜆) Δ⁄ ;  ℎ� = 𝑊𝑊2𝜆𝜆2(𝐶𝐶ℎ𝜆𝜆 − 𝐶𝐶𝜆𝜆) Δ⁄  

where 

𝑊𝑊1 = 𝐸𝐸𝐸𝐸 𝐿𝐿⁄ ;  𝑊𝑊2 = 𝐸𝐸𝐸𝐸 𝐿𝐿2;  𝑊𝑊3 = 𝐸𝐸𝐸𝐸 𝐿𝐿3⁄⁄  

              (5) 

𝐶𝐶𝜆𝜆 = cos 𝜆𝜆 ;  𝑆𝑆𝜆𝜆 = sin 𝜆𝜆 ;  𝐶𝐶ℎ𝜆𝜆 = cosh 𝜆𝜆 ;  𝑆𝑆ℎ𝜆𝜆 = sinh 𝜆𝜆 

with 

𝜇𝜇 = �𝜌𝜌𝜌𝜌𝜔𝜔
2𝐿𝐿2

𝐸𝐸𝐸𝐸
;        𝜆𝜆 = �𝜌𝜌𝜌𝜌𝜔𝜔

2𝐿𝐿4

𝐸𝐸𝐸𝐸
4

 (6) 

Referring to Fig. 1(b), if the beam elements connecting nodes 1 and 2, 1 and 3, and 2 and 4 are 
designated by I, II and III, respectively, then the assembled dynamic stiffness of the three-
component beam comprising the three elements and four nodes is given by 
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    𝐊𝐊 =

⎣
⎢
⎢
⎢
⎡𝐤𝐤11

I + 𝐤𝐤11II 𝐤𝐤12I 𝐤𝐤12II 𝟎𝟎
𝐤𝐤21I 𝐤𝐤22I + 𝐤𝐤11III 𝟎𝟎 𝐤𝐤12III

𝐤𝐤21II 𝟎𝟎 𝐤𝐤22II 𝟎𝟎
𝟎𝟎 𝐤𝐤21III 𝟎𝟎 𝐤𝐤22III⎦

⎥
⎥
⎥
⎤
     (7) 

Note that the local x-axis of each element is considered to be from the lower numbered node to 
the higher numbered node and thus, for elements I and III, the local x-axis and the global (or 
datum) X axis coincide and therefore, there is no need to transform the submatrices k11, k12, k21 
and k22 from the local to the global (or datum) coordinate system. However, for element II 
connecting nodes 1 and 3, the local x-axis is oriented by 1800 (anticlockwise) and it is from 
right to left as opposed to left to right as shown in the chosen coordinate system (see Fig. 1(a)) 
and therefore, the submatrices k11, k12, k21 and k22 for element II need to be transformed before 
assembling them into the overall final dynamic stiffness matrix of the three-component beam. 
This is accomplished by following the usual stiffness transformation rule [17, 18]. Thus, the 
individual terms of each of the three elements I, II and III obtained by using their respective 
properties and employing the dynamic stiffness expressions given by Eqs. (4)-(6) that are based 
on Bernoulli-Euler beam theory are indicated below in Eqs. (8)-(10). These expressions are 
fully utilised to form the overall 12×12 dynamic stiffness matrix of the three-component beam 
assembly. The entire procedure commences algebraically through the application of symbolic 
computation package REDUCE [19, 20], noting that each element of the 12×12 matrix is an 
algebraic expression and not a number. 

𝐤𝐤11I = �
𝑎𝑎0 0 0
0 𝑏𝑏0 𝑑𝑑0
0 𝑑𝑑0 𝑐𝑐0

� ;𝐤𝐤22I = �
𝑎𝑎0 0 0
0 𝑏𝑏0 −𝑑𝑑0
0 −𝑑𝑑0 𝑐𝑐0

� ;𝐤𝐤12I = �
𝑒𝑒0 0 0
0 𝑓𝑓0 ℎ0
0 −ℎ0 𝑔𝑔0

�     (8) 

𝐤𝐤11II = �
𝑎𝑎1 0 0
0 𝑏𝑏1 −𝑑𝑑1
0 −𝑑𝑑1 𝑐𝑐1

� ;𝐤𝐤22II = �
𝑎𝑎1 0 0
0 𝑏𝑏1 𝑑𝑑1
0 𝑑𝑑1 𝑐𝑐1

� ;𝐤𝐤12II = �
𝑒𝑒1 0 0
0 𝑓𝑓1 −ℎ1
0 ℎ1 𝑔𝑔1

�               (9) 

𝐤𝐤11III = �
𝑎𝑎2 0 0
0 𝑏𝑏2 𝑑𝑑2
0 𝑑𝑑2 𝑐𝑐2

� ;𝐤𝐤22III = �
𝑎𝑎2 0 0
0 𝑏𝑏2 −𝑑𝑑2
0 −𝑑𝑑2 𝑐𝑐2

� ;𝐤𝐤12II = �
𝑒𝑒2 0 0
0 𝑓𝑓2 ℎ2
0 −ℎ2 𝑔𝑔2

�             (10) 

where a0 - ℎ0, a1 - ℎ1 and a2 - ℎ2 can be obtained from Eqs. (4)-(6) by replacing EA, EI, ρA and 
L by EA0, EI0, ρA0 and L0 for member I, EA, EI1, ρA and L1 for member II and EA, EI, ρA and 
L2 for member III, respectively. 

In the next step, Gauss elimination is performed algebraically on the first six rows of the 
resulting 12×12 matrix so that the 6×6 matrix at the bottom right-hand corner of the partially 
triangulated matrix gives the dynamic stiffness matrix of the beam with cutout corresponding 
to nodes 3 and 4 of Fig. 1(b). For this important and vital step, a considerable amount of 
symbolic computation was carried out by using REDUCE [20].  Clearly, the end nodes 3 and 
4 (see Fig. 1(b)) will be sensing the force-displacement relationship via the dynamic stiffness 
matrix of the entire three-component beam assembly. In essence, the three-component beam 
becomes an exact representative of a single and identically equivalent beam which includes the 
cutout. Without the aid of symbolic computation, it might have been impossible to obtain the 
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explicit algebraic expressions for the elements of the dynamic stiffness matrix of the beam with 
a cutout, in this way. The advancement in symbolic computation has made this work possible. 
In this way, the dynamic stiffness elements for the beam with cutout are given by  

    𝐤𝐤c =

⎣
⎢
⎢
⎢
⎢
⎡

 

   𝑎𝑎𝑐𝑐    
0
0
𝑒𝑒𝑐𝑐
0
0

 

0
𝑏𝑏𝑐𝑐
𝑑𝑑𝑐𝑐
0
𝑓𝑓𝑐𝑐
ℎ𝑐𝑐

  

0
  𝑑𝑑𝑐𝑐

  

 𝑐𝑐𝑐𝑐
0
ℎ�𝑐𝑐

  𝑔𝑔𝑐𝑐

  

𝑒𝑒𝑐𝑐
0
0
𝑎𝑎�𝑐𝑐
0
0

0
𝑓𝑓𝑐𝑐
ℎ�𝑐𝑐
0

  𝑏𝑏�𝑐𝑐
 𝑑̅𝑑𝑐𝑐

   0
    ℎ𝑐𝑐
    𝑔𝑔𝑐𝑐
  0
 𝑑̅𝑑𝑐𝑐

     𝑐𝑐𝑐̅𝑐

  

⎦
⎥
⎥
⎥
⎥
⎤

               (11) 

where 

𝑎𝑎𝑐𝑐 = Φ1 Δ1⁄ ;   𝑎𝑎�𝑐𝑐 = Φ�1 Δ1⁄ ;    𝑏𝑏𝑐𝑐 = Φ2 Δ2⁄ ;    𝑏𝑏�𝑐𝑐 = Φ�2 Δ2⁄  

𝑐𝑐𝑐𝑐 = Φ3 Δ2⁄ ;    𝑐𝑐𝑐̅𝑐 = Φ�3 Δ2⁄ ;    𝑑𝑑𝑐𝑐 = Φ4 Δ2⁄ ;   𝑑̅𝑑𝑐𝑐 = Φ�4 Δ2  ⁄               (12) 

𝑒𝑒𝑐𝑐 = Φ5 Δ1⁄ ;    𝑓𝑓𝑐𝑐 = Φ6 Δ2⁄ ;    𝑔𝑔𝑐𝑐 = Φ7 Δ2⁄ ;   ℎ𝑐𝑐 = Φ8 Δ1;    ⁄ ℎ�𝑐𝑐 = Φ�8 Δ2⁄  

 

The expressions for Φ1 - Φ8, Φ�1 - Φ�8 and ∆1 - ∆2 are given by 

Φ1 = 𝑎𝑎1𝑎𝑎3𝑎𝑎4 − 𝑎𝑎1𝑒𝑒02 − 𝑎𝑎4𝑒𝑒12                     (13) 

Φ�1 = 𝑎𝑎2𝑎𝑎3𝑎𝑎4 − 𝑎𝑎2𝑒𝑒02 − 𝑎𝑎3𝑒𝑒22                   (14) 

Φ2 = 𝑏𝑏1𝛽𝛽1𝛽𝛽2 − 𝑏𝑏1𝑔𝑔02𝛾𝛾1 − 𝑏𝑏1ℎ02𝛼𝛼1 + 2𝑏𝑏1ℎ0(𝑔𝑔0𝛼𝛼3 − 𝑓𝑓0𝛼𝛼4) − 𝑏𝑏1𝑐𝑐3𝑐𝑐4𝑓𝑓02 + 2𝑏𝑏1𝑑𝑑3𝑑𝑑4𝜙𝜙3 +
𝑏𝑏1ℎ02𝜉𝜉2 − 𝛽𝛽2𝜏𝜏4 + 2𝑑𝑑3𝑓𝑓1ℎ1𝛽𝛽2 + 𝑏𝑏4𝑓𝑓12𝑔𝑔02 − 𝑏𝑏4ℎ0ℎ1𝜉𝜉3 + 𝑐𝑐4𝜉𝜉1 + 2𝑐𝑐4𝑓𝑓0𝑓𝑓1ℎ0ℎ1 − 2𝑑𝑑4𝜃𝜃1𝜙𝜙2     (15) 

Φ�2 = 𝑏𝑏2𝛾𝛾1𝛾𝛾4 − 𝑏𝑏2𝑑𝑑42𝛽𝛽1 − 𝑏𝑏2ℎ02𝛼𝛼1 + 2𝑏𝑏2𝑔𝑔0ℎ0𝛼𝛼3 − 2𝑏𝑏2𝑓𝑓0ℎ0𝛼𝛼4 + 2𝑏𝑏2𝑑𝑑3𝑑𝑑4𝜙𝜙3 + 𝑏𝑏2ℎ02𝜉𝜉2 −
𝑏𝑏3ℎ22𝛾𝛾3 − 𝑐𝑐4𝑓𝑓22𝛽𝛽1 + 2𝑑𝑑4𝑓𝑓2ℎ2𝛽𝛽1 + 𝑏𝑏3𝑓𝑓2𝑔𝑔0𝜙𝜙�1 − 𝑏𝑏3𝑓𝑓2𝑔𝑔0ℎ0ℎ2 + 𝑐𝑐3𝜁𝜁2̅ + 2𝑐𝑐3𝑓𝑓0𝑓𝑓2ℎ0ℎ2 −
2𝑑𝑑3𝜁𝜁1̅𝜙𝜙�1 − 𝑏𝑏4𝑑𝑑32(𝑏𝑏2𝑐𝑐4 − ℎ22)                   (16) 

Φ3 = 𝑏𝑏3𝑐𝑐1𝑐𝑐3𝛽𝛽2 − 𝑏𝑏3𝑏𝑏4𝑐𝑐1𝑔𝑔02 − 𝑏𝑏3𝑔𝑔12𝛽𝛽2 − 𝑐𝑐1ℎ02𝛼𝛼1 + 2𝑐𝑐1𝑔𝑔0ℎ0𝛼𝛼3 − 𝑏𝑏4𝑐𝑐1𝑐𝑐4𝑑𝑑32 − 𝑏𝑏4𝑐𝑐3𝑐𝑐4ℎ12 −
2𝑏𝑏4𝑐𝑐4𝑑𝑑3𝑔𝑔1ℎ1 + 𝑏𝑏4𝜁𝜁3 + 2𝑔𝑔1ℎ0ℎ1𝛿𝛿3 − 𝑐𝑐1𝑐𝑐3𝑐𝑐4𝑓𝑓02 − 2𝑐𝑐1𝑓𝑓0ℎ0𝛼𝛼4 + 𝑐𝑐1𝑑𝑑32𝑑𝑑42 + 2𝑐𝑐1𝑑𝑑3𝑑𝑑4𝑓𝑓0𝑔𝑔0 −
2𝑐𝑐1𝑑𝑑3𝑑𝑑4ℎ02 + 𝑐𝑐1𝑓𝑓02𝑔𝑔02 + 𝑐𝑐1ℎ02𝜉𝜉2 + 𝑐𝑐3𝑑𝑑42ℎ12 + 𝑐𝑐4𝜏𝜏1 + 2𝑑𝑑3𝑑𝑑42𝑔𝑔1ℎ1 + 2𝑑𝑑4𝑓𝑓0𝑔𝑔1𝜁𝜁1 − 2𝑑𝑑4ℎ0ℎ1𝜁𝜁1
                       (17) 

Φ�3 = 𝑏𝑏3𝑏𝑏4𝑐𝑐2𝛾𝛾4 − 𝑏𝑏4𝑔𝑔22𝛽𝛽1 − 𝑐𝑐2𝑑𝑑42𝛽𝛽1 − 𝑐𝑐2ℎ02𝛼𝛼1 + 2𝑐𝑐2𝑔𝑔0ℎ0𝛼𝛼3 − 𝑐𝑐4ℎ22𝛽𝛽1 − 2𝑏𝑏3𝑐𝑐3𝑑𝑑4𝑔𝑔2ℎ2 +
𝑏𝑏3𝜁𝜁3̅ + 2𝑏𝑏3𝑔𝑔0𝑔𝑔2ℎ0ℎ2 − 𝑏𝑏4𝑐𝑐2𝑐𝑐4𝑑𝑑32 − 𝑐𝑐2𝑓𝑓02𝛾𝛾4 − 2𝑐𝑐2𝑓𝑓0ℎ0𝛼𝛼4 + 2𝑐𝑐2𝑑𝑑3𝑑𝑑4𝜙𝜙3 + 𝑐𝑐2ℎ02𝜉𝜉2 + 𝑐𝑐3𝜙𝜙�22 +
2𝑑𝑑32𝑑𝑑4𝑔𝑔2ℎ2 + 2𝑑𝑑3𝜁𝜁4̅𝜙𝜙�2                   (18) 

Φ4 = 𝑏𝑏3𝛽𝛽2𝛿𝛿4 − 𝑑𝑑1𝑔𝑔02𝛾𝛾1 − 𝑑𝑑1ℎ02𝛼𝛼1 + 2𝑑𝑑1𝑔𝑔0ℎ0𝛼𝛼3 + 𝑓𝑓1𝛼𝛼2𝛽𝛽2 − 𝑏𝑏4𝑐𝑐4𝑑𝑑3𝛿𝛿1 − 𝑏𝑏4𝜁𝜁1𝜙𝜙2 −
𝑐𝑐3𝑐𝑐4𝑑𝑑1𝑓𝑓02 − 2𝑑𝑑1𝑓𝑓0ℎ0𝛼𝛼4 + 𝑐𝑐4𝜃𝜃1𝜏𝜏3 + 𝑑𝑑1𝑑𝑑3𝑑𝑑4(𝑑𝑑3𝑑𝑑4 + 2𝜙𝜙3) + 𝑑𝑑1ℎ02𝜉𝜉2 + 𝑑𝑑4ℎ12𝛿𝛿2 −
𝑑𝑑4𝑓𝑓0𝑔𝑔0𝜙𝜙4 + 2𝑑𝑑4ℎ0ℎ1𝜃𝜃4 + 𝑑𝑑4𝑓𝑓1𝑔𝑔1ℎ02                  (19) 

Φ�4 = −𝑏𝑏3𝑏𝑏4𝑑𝑑2𝛾𝛾4 + 𝑏𝑏4𝑔𝑔2ℎ2𝛽𝛽1 − 𝑐𝑐4𝑓𝑓2ℎ2𝛽𝛽1 + 𝑑𝑑2𝑑𝑑42𝛽𝛽1 − 𝑏𝑏3𝑐𝑐3𝑑𝑑4𝜙𝜙�3 + 𝑑𝑑2ℎ02𝛼𝛼1 −
2𝑑𝑑2𝑔𝑔0ℎ0𝛼𝛼3 + 𝑏𝑏3𝜁𝜁4̅𝜙𝜙�1 + 𝑏𝑏4𝑐𝑐4𝑑𝑑2𝑑𝑑32 + 𝑑𝑑2𝑓𝑓02𝛾𝛾4 + 2𝑑𝑑2𝑓𝑓0ℎ0𝛼𝛼4 − 𝑐𝑐3𝜁𝜁1̅𝜙𝜙�2 − 2𝑑𝑑2𝑑𝑑3𝑑𝑑4𝜙𝜙3 −
𝑑𝑑2ℎ02𝜉𝜉2 + 𝑑𝑑32𝑑𝑑4𝑓𝑓2𝑔𝑔2 − 𝑑𝑑3ℎ22𝛿𝛿2 + 𝑑𝑑3𝑓𝑓2𝑔𝑔2𝜙𝜙3 − 𝑑𝑑3𝑓𝑓0𝑔𝑔0ℎ22 − 2𝑑𝑑3ℎ0ℎ2𝜙𝜙�4             (20) 
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Φ5 = 𝑒𝑒0𝑒𝑒1𝑒𝑒2                     (21) 

Φ6 = −𝑏𝑏4𝑔𝑔0ℎ2𝛽𝛽3 − 𝑓𝑓2ℎ0ℎ1𝛾𝛾2 + 𝑏𝑏3𝑑𝑑4ℎ1𝜏𝜏2 − 𝑓𝑓1ℎ0ℎ2𝛾𝛾3 + ℎ0ℎ1ℎ2𝛽𝛽4 + 𝑓𝑓0𝑓𝑓1𝑓𝑓2𝛾𝛾4 −
𝑐𝑐3𝑑𝑑4𝑓𝑓1𝜃𝜃3 − 𝑐𝑐4𝑑𝑑3𝑓𝑓2𝜃𝜃2 + 𝑑𝑑3𝑑𝑑4ℎ1𝜃𝜃3 − 𝑑𝑑3𝑑𝑑4𝑓𝑓1𝜏𝜏2 + 𝑓𝑓0𝑔𝑔0ℎ2𝜃𝜃1 + 𝑓𝑓2𝑔𝑔0ℎ0𝜃𝜃2             (22) 

Φ7 = 𝑔𝑔0𝑔𝑔1𝑔𝑔2𝛾𝛾1 − 𝑔𝑔1ℎ0ℎ2𝛾𝛾2 + 𝑏𝑏3𝑑𝑑4𝑔𝑔1𝜁𝜁4 − 𝑔𝑔2ℎ0ℎ1𝛾𝛾3 + 𝑏𝑏4𝑑𝑑3𝑔𝑔2𝜁𝜁2 − 𝑓𝑓0ℎ1ℎ2𝛾𝛾4 −
𝑐𝑐3𝑑𝑑4ℎ1𝜉𝜉4 − 𝑐𝑐4𝑑𝑑3ℎ2𝜙𝜙1 − 𝑑𝑑3𝑑𝑑4𝑔𝑔2𝜙𝜙1 + 𝑑𝑑3𝑑𝑑4ℎ2𝜁𝜁2 + 𝑔𝑔0ℎ0ℎ2𝜙𝜙1 + 𝑓𝑓0𝑔𝑔2ℎ0𝜁𝜁2             (23) 

Φ8 = 𝑏𝑏3𝑏𝑏4𝑔𝑔0𝑔𝑔2ℎ1 − ℎ0ℎ1ℎ2𝛾𝛾2 + 𝑏𝑏3𝑑𝑑4ℎ1𝜁𝜁4 + 𝑓𝑓1𝑔𝑔2ℎ0𝛾𝛾3 − 𝑏𝑏4𝑑𝑑3𝑓𝑓1𝑔𝑔0𝑔𝑔2 − 𝑔𝑔2ℎ0ℎ1𝛽𝛽4 +
𝑓𝑓0𝑓𝑓1ℎ2𝛾𝛾4 + 𝑐𝑐3𝑑𝑑4𝑓𝑓1𝜉𝜉4 − 𝑐𝑐4𝑑𝑑3ℎ2𝜃𝜃2 − 𝑑𝑑3𝑑𝑑4ℎ1𝜉𝜉4 − 𝑑𝑑3𝑑𝑑4𝑓𝑓1𝜁𝜁4 − 𝑓𝑓0𝑔𝑔0𝑔𝑔2𝜃𝜃1 + 𝑔𝑔0ℎ0ℎ2𝜃𝜃2           (24) 

Φ�8 = −𝑔𝑔0𝑔𝑔1ℎ2𝛾𝛾1 − 𝑏𝑏3𝑐𝑐4𝑓𝑓2𝑔𝑔1ℎ0 + 𝑏𝑏3𝑑𝑑4𝑓𝑓2𝑔𝑔0𝑔𝑔1 + 𝑏𝑏3𝑑𝑑4𝑔𝑔1ℎ0ℎ2 + 𝑏𝑏4𝑐𝑐3ℎ0ℎ1ℎ2 − 𝑏𝑏4𝑑𝑑3ℎ2𝜁𝜁2 −
𝑐𝑐4𝑓𝑓0𝑓𝑓2𝛼𝛼2 + 𝑑𝑑4𝑓𝑓0ℎ2𝛼𝛼2 − 𝑓𝑓2ℎ0ℎ1𝛼𝛼4 + 𝑑𝑑3𝑑𝑑4𝑓𝑓2𝜁𝜁2 + ℎ0ℎ1ℎ2𝛿𝛿2 + 𝑓𝑓0𝑓𝑓2𝑔𝑔0𝜁𝜁1 − 𝑓𝑓0ℎ0ℎ2𝜁𝜁2 + 𝑓𝑓2ℎ02𝜁𝜁1  

                       (25) 

Δ1 =   𝑎𝑎3 𝑎𝑎4 − 𝑒𝑒02                       (26) 

Δ2 = 𝛽𝛽1𝛽𝛽2 − 𝑔𝑔02𝛾𝛾1 − ℎ02(𝛼𝛼1 − 𝜉𝜉2) + 2𝑔𝑔0ℎ0𝛼𝛼3 − 𝑐𝑐3𝑐𝑐4𝑓𝑓02 − 2𝑓𝑓0ℎ0𝛼𝛼4 + 2𝑑𝑑3𝑑𝑑4𝜙𝜙3            (27) 

where  

𝑎𝑎3 = 𝑎𝑎0 + 𝑎𝑎1;   𝑏𝑏3 = 𝑏𝑏0 + 𝑏𝑏1;   𝑐𝑐3 = 𝑐𝑐0 + 𝑐𝑐1;   𝑑𝑑3 = 𝑑𝑑0 − 𝑑𝑑1              (28) 

𝑎𝑎4 = 𝑎𝑎0 + 𝑎𝑎2;   𝑏𝑏4 = 𝑏𝑏0 + 𝑏𝑏2;    𝑐𝑐4 = 𝑐𝑐0 + 𝑐𝑐2;    𝑑𝑑4 = 𝑑𝑑0 − 𝑑𝑑2              (29) 

𝛼𝛼1 = 𝑏𝑏3𝑐𝑐4 + 𝑏𝑏4𝑐𝑐3;   𝛼𝛼2 = 𝑐𝑐3ℎ1 + 𝑑𝑑3𝑔𝑔1;   𝛼𝛼3 = 𝑏𝑏3𝑑𝑑4 + 𝑏𝑏4𝑑𝑑3;   𝛼𝛼4 = 𝑐𝑐3𝑑𝑑4 + 𝑐𝑐4𝑑𝑑3            (30) 

𝛽𝛽1 = 𝑏𝑏3𝑐𝑐3 − 𝑑𝑑32;      𝛽𝛽2 = 𝑏𝑏4𝑐𝑐4 − 𝑑𝑑42;        𝛽𝛽3 = 𝑏𝑏3ℎ1 − 𝑑𝑑3𝑓𝑓1;     𝛽𝛽4 = 𝑏𝑏4𝑑𝑑3 + 𝑓𝑓0ℎ0            (31) 

𝛾𝛾1 = 𝑏𝑏3𝑏𝑏4 − 𝑓𝑓02;     𝛾𝛾2 = 𝑏𝑏3𝑐𝑐4 − ℎ02;     𝛾𝛾3 = 𝑏𝑏4𝑐𝑐3 − ℎ02;     𝛾𝛾4 = 𝑐𝑐3𝑐𝑐4 − 𝑔𝑔02             (32) 

𝛿𝛿1 = 𝑑𝑑1𝑑𝑑3 + ℎ12;     𝛿𝛿2 = 𝑑𝑑3𝑑𝑑4 − ℎ02;     𝛿𝛿3 = 𝑏𝑏4𝑔𝑔0 − 𝑐𝑐4𝑓𝑓0;     𝛿𝛿4 = 𝑐𝑐3𝑑𝑑1 − 𝑔𝑔1ℎ1            (33) 

𝜃𝜃1 = 𝑓𝑓0ℎ1 + 𝑓𝑓1ℎ0;     𝜃𝜃2 = 𝑓𝑓0ℎ1 − 𝑓𝑓1ℎ0;     𝜃𝜃3 = 𝑓𝑓0ℎ2 − 𝑓𝑓2ℎ0;     𝜃𝜃4 = 𝑓𝑓0𝑔𝑔1 + 𝑓𝑓1𝑔𝑔0            (34) 

𝜙𝜙1 = 𝑓𝑓0𝑔𝑔1 + ℎ0ℎ1;     𝜙𝜙2 = 𝑓𝑓1𝑔𝑔0 − ℎ0ℎ1;     𝜙𝜙3 = 𝑓𝑓0𝑔𝑔0 − ℎ02;     𝜙𝜙4 = 𝑓𝑓1𝑔𝑔1 − ℎ12            (35) 

𝜙𝜙�1 = 𝑓𝑓2𝑔𝑔0 − ℎ0ℎ2;     𝜙𝜙�2 = 𝑓𝑓0𝑔𝑔2 − ℎ0ℎ2;     𝜙𝜙�3 = 𝑓𝑓2𝑔𝑔2 − ℎ22;     𝜙𝜙�4 = 𝑓𝑓0𝑔𝑔2 + 𝑓𝑓2𝑔𝑔0            (36) 

𝜏𝜏1 = 𝑓𝑓02𝑔𝑔12 + ℎ02ℎ12;     𝜏𝜏2 = 𝑓𝑓2𝑔𝑔0 + ℎ0ℎ2;     𝜏𝜏3 = 𝑓𝑓0𝑔𝑔1 − ℎ0ℎ1;    𝜏𝜏4 = 𝑏𝑏3ℎ12 + 𝑐𝑐3𝑓𝑓12           (37) 

𝜉𝜉1 = 𝑓𝑓02ℎ12 + 𝑓𝑓12ℎ02;     𝜉𝜉2 = 2𝑓𝑓0𝑔𝑔0 + ℎ02;       𝜉𝜉3 = 2𝑓𝑓1𝑔𝑔0 − ℎ0ℎ1;    𝜉𝜉4 = 𝑓𝑓0𝑔𝑔2 + ℎ0ℎ2         (38) 

𝜁𝜁1 = 𝑔𝑔0ℎ1 + 𝑔𝑔1ℎ0;      𝜁𝜁2 = 𝑔𝑔0ℎ1 − 𝑔𝑔1ℎ0;     𝜁𝜁3 = 𝑔𝑔02ℎ12 + 𝑔𝑔12ℎ02;     𝜁𝜁4 = 𝑔𝑔0ℎ2 − 𝑔𝑔2ℎ0          (39) 

𝜁𝜁1̅ = 𝑓𝑓0ℎ2 + 𝑓𝑓2ℎ0;       𝜁𝜁2̅ = 𝑓𝑓02ℎ22 + 𝑓𝑓22ℎ02;       𝜁𝜁3̅ = 𝑔𝑔02ℎ22 + 𝑔𝑔22ℎ02;      𝜁𝜁4̅ = 𝑔𝑔0ℎ2 + 𝑔𝑔2ℎ0       (40) 

  It should be noted that for a uniform beam, the stiffness matrix given by Eq. (11) can be 
represented by only eight independent terms ac, bc, cc, dc, ec, fc, gc and hc with 𝑎𝑎�𝑐𝑐 = 𝑎𝑎𝑐𝑐,   𝑏𝑏�𝑐𝑐 =
𝑏𝑏𝑐𝑐, 𝑐𝑐𝑐̅𝑐 = 𝑐𝑐𝑐𝑐, 𝑑̅𝑑𝑐𝑐 = −𝑑𝑑𝑐𝑐,   ℎ�𝑐𝑐 = −ℎ𝑐𝑐. 
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3. Application of the theory 

The dynamic stiffness theory for the beam with a rectangular cutout developed above can now 
be applied to investigate the free vibration characteristics of either an individual beam with a 
cutout or a framework containing both intact beams as well as beams with cutouts. For a 
framework, the dynamic stiffness matrices of all individual intact beams and beams with 
cutouts need to be assembled using the standard transformation technique to form the overall 
dynamic stiffness matrix of the final structure. One of the most effective and well-established 
solution methods used in free vibration analysis using the dynamic stiffness method is the 
application of the Wittrick-Williams algorithm [21] which has widespread coverage in the 
literature [22-25].  Basically, the algorithm follows the Sturm sequence property of the dynamic 
stiffness matrix and ascertains how many natural frequencies lie below an arbitrarily chosen 
trial frequency. This simple feature of the algorithm is utilised to compute the natural 
frequencies and the subsequent recovery of the mode shapes of some illustrative examples. The 
Wittrick-Williams algorithm has been reported in hundreds of papers, but to make this paper 
self-contained, a brief description of it is given below. However, for a detailed insight, 
interested readers are referred to the original work of Wittrick and Williams [21]. 

Basically, the algorithm is dependent on two essential components which provide the 
information about the eigenvalue problem. In free vibration problems, the eigenvalues are 
natural frequencies whereas in (elastic) buckling problem they are critical load factors. The two 
essential components known as (i) the sign-count s{KD} and (ii) the j0 count are the crucial 
requirements for the algorithm. Their importance and application are explained below.  

If ω denotes the circular (or angular) frequency of a vibrating structure, then the Wittrick-
Williams algorithm states that j, the number of natural frequencies passed or exceeded, as ω is 
increased from zero to ω∗, is given by 

j = j0 + s{KD}                     (41) 

where KD, the overall dynamic stiffness matrix of the final structure whose elements are all 
dependent on ω, is computed at ω = ω∗;  s{KD}, the sign count, is the number of negative 
elements on the leading diagonal of KD∆, where KD∆ is the upper triangular matrix generated 
by applying the usual form of Gauss elimination to KD, and j0 is the number of natural 
frequencies of the structure that are still lying between ω  = 0 and ω =ω∗ when the displacement 
components to which KD corresponds are all zero. (Note that the structure can still have natural 
frequencies when all nodal displacements are zero, i.e., all nodes are clamped. This is because 
the dynamic stiffness method allows each individual member to displace between nodes with 
an infinite number of degrees of freedom, and hence there is an infinite number of natural 
frequencies between the nodes.) Thus 

   mjj ∑=0                    (42) 

where jm is the number of natural frequencies between ω  = 0 and ω =ω∗ for a single component 
structural member with its ends fully clamped, and the summation is taken over all members 
of the structure. The clamped-clamped natural frequencies for the beam with a rectangular 
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cutout investigated in this paper are given by ∆1=0 for axial vibration and ∆2=0 for flexural 
vibration (see Eqs. (26) and (27) for the expressions of ∆1 and ∆2). Thus, with the knowledge 
of Eqs. (41) and (42), it is possible to ascertain how many natural frequencies of a structure lie 
below an arbitrarily chosen trial frequency. This elementary knowledge of the algorithm 
together with the understanding that successive trial frequencies can be chosen to establish the 
upper and lower bounds of a natural frequency can be utilised to converge upon any required 
natural frequency to any desired accuracy.  

 

4. Results and discussion 

The first set of results was obtained to validate the dynamic stiffness beam theory of this paper 
by using two- and three-dimensional finite element modelling with the help of the software 
COMSOL [26]. Although the theory developed in this paper can be applied for free vibration 
analysis in both the XY and XZ planes (see Fig. 1), for brevity and conciseness most of the 
results in this paper are given for the free vibration in the XY plane. Referring to Fig. 1, the data 
used in the analysis are L=1m, L0=0.2m, L1=L2=0.4m, b=0.1m, b0=0.04m, h=0.01m. The 
material properties are those of steel with E=210 GPa, ρ = 7850 kg/m3. 

Table 1 shows the results for the first five natural frequencies of the beam for Clamped-Free 
(C-F), Simple support-Simple support (S-S) and Clamped-Clamped (C-C) boundary conditions 
using the present theory alongside the corresponding results computed using COMSOL [26]. 
The natural frequencies shown in the table correspond to free vibration of the beam in the XY 
plane, i.e., they are for out of plane free vibration of the beam. The natural frequencies 
corresponding to vibration in the XZ plane and the torsional modes of deformation computed 
by COMSOL are disregarded when comparing the results from the present theory.  Clearly, the 
results from the present theory are in close agreement with the results computed using 
COMSOL [26] as can be seen in Table 1, the maximum discrepancy in the results being less 
than 2%.  

Representative mode shapes are shown for cantilever (C-F) boundary conditions in Figs. 2 and 
3 using the present theory and COMSOL [26], respectively. Mode shapes shown in Fig. 3 and 
based on solid tetrahedron elements using COMSOL broadly agree with the mode shapes 
shown in Fig. 2 using the present beam theory.  

The next sets of results were obtained in non-dimensional form so that they can be treated as 
universal and regarded as benchmark solutions. However, it is important to establish the non-
dimensional parameters needed to generalise the findings of this research in a meaningful way. 
Referring to Fig. 1, it can be ascertained that for both XY and XZ planes free vibratory motions, 
the area of cross-section of the cutout portion of the beam A0 and that of the intact part of the 
beam A are linearly related as given below 

     𝐴𝐴0 = 𝐴𝐴(1 − 𝑏𝑏0 𝑏𝑏⁄ )                (43) 
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Table 1. Natural frequencies of a beam with a rectangular cutout using the present theory and 

COMSOL. 

Freq. 

No 

(i) 

Natural frequency ωi (rad/s) 

Boundary conditions 

C-F S-S C-C 

Present 
theory 

COMSOL Present 
theory 

COMSOL Present 
theory 

COMSOL 

Solid 
element 

Plate 
element 

Solid 
element 

Plate 
element 

Solid 
element 

Plate 
element 

1 51.793 51.934 51.914 143.43 141.89 141.88 346.74 346.67 349.23 

2 324.25 323.76 323.62 586.38 583.81 583.78 916.60 920.98 920.17 

3 914.77 913.65 913.20 1331.9 1331.4 1331.3 1813.9 1831.6 1830.0 

4 1817.9 1827.0 1826.1 2334.9 2314.5 2314.1 2955.0 2948.8 2945.9 

5 2956.0 2938.5 2936.8 3715.6 3729.1 3728.3 4491.3 4525.7 4521.0 

 

By contrast, the variations of the second moment of area about the centroidal axis are different 
for motions in the XY and XZ planes, respectively. If I0 and I are the second moment of areas 
of the cutout part and the intact beam, respectively, then for the free vibratory motion in the XY 
plane, they can be linearly related as follows 

      𝐼𝐼0 = 𝐼𝐼(1 − 𝑏𝑏0 𝑏𝑏⁄ )               (44) 

However, for motion in the XZ plane, the corresponding relationship is given by 

      𝐼𝐼0 = 𝐼𝐼{1 − (𝑏𝑏0 𝑏𝑏⁄ )3}               (45) 

With the above preliminaries and with reference to Fig. 1, the following non-dimensional 
parameters are introduced when presenting the results and thus broadening the application of 
the theory.  

      𝜂𝜂1 = 𝐿𝐿0 𝐿𝐿⁄                 (46) 

      𝜂𝜂2 = 𝑏𝑏0 𝑏𝑏⁄                 (47) 

      𝜂𝜂3 = �𝐿𝐿1 + 𝐿𝐿0
2
� 𝐿𝐿⁄                (48) 
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Fig. 2 Mode shapes of a cantilever beam with a rectangular cutout using present theory. 
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Fig. 3. Mode shapes of a cantilever beam with a rectangular cutout using COMSOL 
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where the ratios η1, and η2 represent the relative length and width of the cutout with reference 
to the intact beam whereas η3 represents the location of the centre of the cutout (see Fig. 1). As 
mentioned earlier, the theory developed in this paper can be applied to free vibration analysis 
in both XY and XZ planes, but for brevity, most of the results presented here are for the free 
vibration analysis in the XY plane only. First, the effect of the length of the cutout on the natural 
frequencies is examined by varying η1 (see Eq. (46)) and fixing values of η2 and η3 at 0.4 and 
0.5, respectively. (Note that η3=0.5 denotes that the cutout is located exactly at the centre of 
the beam, i.e., the cutout is symmetric about the mid-point of the beam.) Table 2 shows 
representative results for the first five natural frequencies of the beam with cantilever boundary 
condition in non-dimensional form for free vibration in the XY plane corresponding to η1 = 0.2, 
0.4 and 0.6, respectively. The natural frequencies of the beam are made non-dimensional with 
respect to the bending rigidity (EI), mass per unit length (ρA) of the uniform portion of the 
beam and by using its full length (L) as shown in the table. The results do not show any 
appreciable changes in the natural frequencies and the minor fluctuations in the natural 
frequencies do not follow any pattern in that the variation in the natural frequencies appears to 
be independent of the order of the natural frequencies. 

Figure 4 shows the variation of the first five natural frequencies of the cantilever (C-F) beam 

for its free vibration behaviour in the XY plane, i.e., for out of plane free vibration (see Fig. 1), 

with respect to the length of the cutout designated by η1, see Eq. (46). The results are shown in 

non-dimensional form where the ratio between the natural frequency with cutout and that of 

the uniform beam 𝜔𝜔𝑖𝑖
𝑐𝑐/𝜔𝜔𝑖𝑖

𝑢𝑢 is plotted against η1. 

 

Table 2. The effect of the length of the cutout on the natural frequencies of beam with cantilever 

(C-F) boundary condition. 

Frequency 

Number 𝜔𝜔𝑖𝑖�
𝜌𝜌𝜌𝜌𝐿𝐿4

𝐸𝐸𝐸𝐸
 

η1=0.2 η1=0.4 η1=0.6 

1 3.4689 3.4201 3.3878 

2 21.717 22.152 22.339 

3 61.267 60.676 61.700 

4 121.75 121.38 119.61 

5 197.98 201.33 198.80 
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Fig. 4. The effect of the length of the cutout on the natural frequencies of beam freely vibrating 
in the XY plane with C-F boundary condition. 

 

Now, the effect of the width of the cutout defined by the parameter η2 (see Eq. 47) on the free 
vibration of the beam is investigated. Table 3 shows the first five non-dimensional natural 
frequencies of the beam with cantilever (C-F) boundary condition for η2 = 0.2, 0.4 and 0.6 
when η1 and η3 were fixed at 0.2 and 0.5, respectively. 

 

Table 3. The effect of the width of the cutout (η2) on the natural frequencies of the beam with 

cantilever (C-F) boundary condition. 

Frequency 

Number 𝜔𝜔𝑖𝑖�
𝜌𝜌𝜌𝜌𝐿𝐿4

𝐸𝐸𝐸𝐸
 

η2=0.2 η2=0.4 η2=0.6 

1 3.5070 3.4689 3.3640 

2 21.973 21.717 21.069 

3 61.616 61.267 60.264 

4 121.07 121.75 123.48 

5 199.50 197.98 193.92 
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The effect of the width of the cutout represented by η2 reduces the natural frequencies slightly 
except for the fourth natural frequency which increases slightly with the increase in η2. Figure 
5 shows the variation of the first five natural frequencies of the cantilever (C-F) beam for its 
free vibration behaviour in the XY plane, i.e., for out of plane free vibration (see Fig. 1), with 
respect to the width of the cutout designated by η2, see Eq. (47). As was the case with the 
variation of η1 in Fig. 4, the results are shown in non-dimensional form where ratios between 
the natural frequency with cutout that that of the uniform beam 𝜔𝜔𝑖𝑖

𝑐𝑐/𝜔𝜔𝑖𝑖
𝑢𝑢 are plotted against η2. 

 

Fig.5 The effect of the width of the cutout (η2) on the natural frequencies of the freely vibrating 
beam with C-F boundary condition. 
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The next set of results was computed to examine the effect of the location of the cutout 
described by η3 (see Eq. (48)) on the free vibration behaviour of the beam. Table 4 shows the 
variations of the first five natural frequencies of the beam for η3 =0.25, 0.5 and 0.75 when η1 
and η2 were fixed at 0.2 and 0.4, respectively. The natural frequencies of the beam increase 
when the cutout is further away from the built-in end, as expected. Figure 6 shows the variation 
of the first five natural frequencies with η3 which describes the location of the cutout defined 
by Eq. (48). The figure indicates that the fundamental natural frequency increases with η3, i.e., 
when the cutout is further away from the built-in end, but the other four natural frequencies 
diminish with η3, with some fluctuations in the amount of decrease. This can be attributed to 
disproportionate effects of the reductions in the mass and stiffness of the beam because of the 
cutout. 

The final set of results was obtained for the portal frame shown in Fig. 7. The vertical members 
of the frame (columns) are uniform, but the horizontal member (beam) has a rectangular cutout 
at the centre. Referring to Fig.1, each of the three members of the frame has a length L = 1m, 
width b = 0.10m and thickness h = 0.01m. The central member (beam) has a cutout at the centre 
with the dimensions L0 = 0.2m, L1 = L2 = 0.4m and b0 = 0.04m. The material properties are 
taken to be that of steel with Young’s modulus E=210 GPa and density ρ = 7850 kg/m3. The 
first ten natural frequencies of the portal frame relating to the natural vibration in the XY and 
XZ planes, respectively, are shown in Table 5 alongside the corresponding results when there 
was no cutout in the horizonal member. The effect of the cutout in the central member generally 
increases the natural frequencies to some extent, but as shown in the table, the cutout did not 
make any appreciable difference to the natural frequencies for the in-plane free vibration, i.e., 
free vibration in the XY-plane, of the frame. However, for the out of plane free vibration, i.e., 
free vibration in the YZ-plane, some small differences in the natural frequencies are evident. 
This is expected because the reduction in the bending stiffness of the central member in the 
case of out of plane free vibration follows a cubic variation (see Eq. (45)) as opposed to the 
linear variation (see Eq. (44)) in the case of in-plane free vibration. 

Table 4. The effect of the cutout location (η3) on the natural frequencies of the beam with CF 

boundary condition. 

Frequency 

Number 𝜔𝜔𝑖𝑖�
𝜌𝜌𝜌𝜌𝐿𝐿4

𝐸𝐸𝐸𝐸
 

η3=0.25 η3=0.5 η3=0.75 

1 3.1696 3.4689 3.7787 

2 22.385 21.717 21.268 

3 63.570 61.267 59.410 

4 123.79 121.75 119.06 

5 200.16 197.98 196.85 
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Fig. 6 The effect of the cutout location (η3) on the natural frequencies of the freely vibrating 
beam with C-F boundary condition. 
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Fig. 7. A portal frame with a rectangular cutout on its horizonal member (beam) 
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Table 5. Natural frequencies of a portal frame with and without a cutout in its central member 

Frequency 

Number 

(i) 

Natural frequencies ωi (rad/s) 

Free vibration in XY plane Free vibration in XZ plane 

With cutout Without cutout With cutout Without cutout 

1 49.0239 47.8459 489.404 477.370 

2 189.363 188.812 1945.55 1853.04 

3 309.764 308.002 3094.36 3072.81 

4 338.204 333.932 3302.57 3210.75 

5 672.589 674.442 5798.85 5774.21 

6 824.808 823.858 7405.92 7382.24 

7 954.122 952.987 7898.44 7898.58 

8 1449.47 1446.19 8015.08 7992.29 

9 1709.96 1708.21 10202.7 10131.1 

10 1804.07 1801.43 12583.6 13378.2 

 

5. Conclusions 

The dynamic stiffness matrix of a beam with a rectangular cross-section and with a rectangular 
cutout is developed by considerable application of symbolic computation. The developed 
dynamic stiffness matrix is applied with reference to the Wittrick-Williams algorithm as a 
solution technique to compute the natural frequencies of beams with cutouts for different 
boundary conditions. A substantial amount of the results for the natural frequencies and mode 
shapes are validated by the finite element method through COMSOL which used plate and 
solid elements. The illustrative example of a portal frame comprising a member with cutout is 
also given. The effect of cutout on the free vibration behaviour is demonstrated, and for the 
types of problems investigated, the effects of cutouts do not seem to make any significant 
differences to the free vibration characteristics. The reason for this can be attributed to the fact 
that the loss of stiffness due to the cutout is compensated by the loss of mass of the structure. 
The investigation is expected to pave the way for further research on the effects of cutouts on 
the free vibration of complex structures with complex geometry of cutouts and made of 
anisotropic materials. 
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