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Abstract. It is safe to say that beam theories and corresponding finite-element formulations have come
a long way, especially when it comes to problems involving finite spatial deformations. The theoretical
framework traces back to the work of Reissner [1], Antman [2], and Simo [3,4], who extended
Timoshenko’s theory for shear-deformable beams to large-deformation (geometrically exact) regimes.
Simo and Vu-Quoc introduced arguably the first successful finite-element formulation [3,4], which
remains influential in the numerical analysis of beams to this day. Ever since, numerous finite-element
formulations (see the seminal paper by Meier et al. [5] for an overview) have been proposed, all of
which mainly address one or more of the following key challenges: parameterization of large spatial
rotations, objectivity of strain measures, path independence, and locking phenomena in highly slender
structures.

We present a novel finite-element formulation for geometrically exact beams that handles these
challenges in a way that is both simple and effective. Within a mixed framework, the (material)
moment vector is introduced as an independent field. The proposed concept of discrete curvature
allows discontinuous interpolation of moments and rotations, which, along with reduced integration,
eliminates locking. Objectivity of curvature measures is ensured by interpolating element-local relative
rotations resulting from a multiplicative split of rotations into elementwise constant and higher-order
relative contributions, realized at the shape-function level. Introducing nodal rotations as additional
variables in the sense of hybridization allows us to impose conventional boundary conditions directly
at the nodes. Being a total Lagrangian approach, our formulation is path independent a priori.

—

Figure 1: Arc-segment under out-of-plane force: undeformed and deformed configurations for
slenderness p = 10 (left), p = 100 (center), and p = 1000 (right).
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The superior properties of the proposed beam element, which naturally extends to arbitrary higher
orders, manifest in several benchmarks for large-deformation problems, e.g., the octant of a circle
subjected to an out-of-plane force proposed by Bathe and Bolourchi [6] (see Fig. 1). Irrespective of the
beam’s slenderness, we obtain optimal rates of convergence (see Fig. 2).
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Figure 2: Arc-segment under out-of-plane force: rates of convergence for beam elements of orders
k = 1,...,4 and different values of slenderness; p = 10 (left), p = 100 (center), and p = 1000 (right).

Remarkably, the proposed formulation admits a locking-free lowest-order element that uses
elementwise constant rotations, thereby avoiding any interpolation of rotations. Moreover, the
proposed formulation can be applied to structures with kinks and branches, which are common in real-
world problems.
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