Hierarchical anisotropic-order finite elements
for the analysis of incompressible materials
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Abstract. In the context of finite element models for nearly incompressible materials, particularly in
the case of highly nonlinear phenomena, standard displacement-based formulations have been proven
inadequate when large strains are considered since they suffer from volumetric locking, namely, they
provide a stiffer response when incompressibility is considered, especially when low-order elements
are employed [1]. To overcome these limitations, mixed/hybrid displacement—pressure formulations
have been proposed, as they mitigate locking by introducing an independent pressure field variable,
still introducing additional complexities related to stability requirements, identified by the inf-sup
(Ladyzhenskaya—Babuska—Brezzi) condition [2]. The standard hybrid procedures typically rely on
predefined combinations of interpolation spaces, assume uniform polynomial orders within the
elements, and restrict the choice of admissible displacement—pressure pairs [3].

In this work, a novel anisotropic-order finite element formulation is presented, including different
orders of approximation for different variables in different directions, investigating the influence of the
order of approximation when new shape function combinations are taken into account, thus generating
anisotropic-order elements by increasing or reducing the polynomial orders in different directions and
for each variable [4]. This approach allows the definition of novel mixed elements for the analysis of
of incompressible materials at finite strain [5], including unconventional and unexplored combinations
that have not been analyzed for stability and that fall outside standard LBB-compliant pairs, like the
Taylor-Hood element [6].

The proposed methodology is investigated in the context of nonlinear analyses of nearly
incompressible materials, with particular attention to the onset of instabilities in both displacement and
pressure fields. The influence of anisotropic-order elements and non-standard interpolation
combinations on the satisfaction of the inf-sup condition, and on the adoption of continuous or
discontinuous pressure fields, is systematically explored in this work, where the numerical
implementation is carried out within the open-source finite element framework Netgen/NGSolve [7].
The capabilities of these new element technologies are investigated also with higher-order 1D models
implemented in the well-established Carrera Unified Formulation (CUF) framework [4], the original
mathematical framework that allows for the implementation of anisotropic-order elements by means
of a hierarchical and recursive mathematical formalism for the polynomial interpolation of the primary
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variables, whose capabilities will be extended to the analysis of nearly incompressible materials
through a hybrid formulation and independent interpolation of displacement and pressure variables.
Numerical examples, including bending and severe compression tests of nearly incompressible
materials, demonstrate the effectiveness of the formulation in mitigating volumetric locking by
adopting a specific combination of shape function orders of interpolation in different directions,
accurately resolving coupled displacement—pressure instabilities, and highlighting its potential and
robustness.
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